AW(k)-Type Curves According to the Bishop Frame by Kişi, İlim & Öztürk, Günay
ar
X
iv
:1
30
5.
33
81
v1
  [
ma
th.
DG
]  
15
 M
ay
 20
13
AW (k)-Type Curves
According to the Bishop Frame
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Abstract. In this study, we consider AW (k)-type curves according to
the Bishop Frame in Euclidean space E3. We give the relations between
the Bishop curvatures k1, k2 of a curve in E
3.
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1. Introduction
The ability to ”ride” along a three-dimensional space curve and illustrate the
properties of the curve, such as curvature and torsion, would be a great asset
to Mathematicians. The classic Serret-Frenet frame provides such ability,
however the Frenet-Serret frame is not defined for all points along every curve.
A new frame is needed for the kind of Mathematical analysis that is typically
done with computer graphics. The Relatively Parallel Adapted Frame or
Bishop Frame could provide the desired means to ride along any given space
curve [3]. The Bishop Frame has many properties that make it ideal for
mathematical research. Another area of interested about the Bishop Frame is
so-called Normal Development, or the graph of the twisting motion of Bishop
Frame. This information along with the initial position and orientation of the
Bishop Frame provide all of the information necessary to define the curve.
The Bishop frame may have applications in the area of Biology and Computer
Graphics. For example it may be possible to compute information about the
shape of sequences of DNA using a curve defined by the Bishop frame. The
Bishop frame may also provide a new way to control virtual cameras in
computer animations. In [6] authors studied natural curvatures of Bishop
frame. In [4], the same authors considered slant helix according to Bishop
frame in Euclidean 3-Space. In [9], authors researched the spinor formulations
of curves according to Bishop frames in E3.
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The notion of AW (k)-type submanifolds was introduced by Arslan and
West in [1]. In particular, many works related to curves of AW (k)-type have
been done by several authors. For example, in [2, 8], the authors gave cur-
vature conditions and characterizations related to these curves in Em. In
[7], authors considered curves and surfaces of AW (k) (k = 1, 2 or 3)-type.
They also give related examples of curves and surfaces satisfying AW (k)-type
conditions. In [10], Yoon studied curves of AW (k)-type in the Lie group G
with a bi-invariant metric. Also, he characterized general helices in terms of
AW (k)-type curve in the Lie group G.
This paper is organized as follows: Section 2 gives some basic concepts
of the Frenet frame and Bishop frame of a curve in E3. Section 3 tells the
curvature conditions and characterizations of AW (k)-type curve of osculat-
ing order 3. In the final section we consider AW (k)-type curves and their
curvatures k1, k2 according to the Bishop Frame in Euclidean space E
3.
2. Basic Concepts
Let γ = γ(s) : I → E3 be arbitrary curve in the Euclidean space E3, where
I is interval in R. γ is said to be of unit speed (parametrized by arc length
function s) if ‖γ ′(s)‖ = 1. Then the derivatives of the Frenet frame of γ
(Frenet-Serret formula);


T
′
N
′
B
′

 =


0 κ 0
−κ 0 τ
0 −τ 0




T
N
B


where {T,N,B} is the Frenet frame of γ and κ, τ are the curvature and
torsion of curve γ, respectively [5].
The Bishop frame or parallel transport frame is an alternative approach
to defining a moving frame that is well-defined even when the curve has van-
ishing second derivative. One can express parallel transport of an orthonor-
mal frame along a curve simply by parallel transporting each component of
the frame. The tangent vector and any convenient arbitrary basis for the re-
mainder of the frame are used. Therefore, the Bishop (frame) formulas are
expressed as 

T ′
M ′1
M ′2

 =


0 k1 k2
−k1 0 0
−k2 0 0




T
M1
M2


where {T,M1,M2} is the Bishop Frame and k1, k2 are called first and second
Bishop curvatures, respectively [3].
The relation between Frenet frame and Bishop frame is given as follows:


T
N
B

 =


1 0 0
0 cos θ sin θ
0 − sin θ cos θ




T
M1
M2


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where θ(s) = arctan
(
k2
k1
)
, τ(s) =
(
dθ(s)
ds
)
and κ(s) =
√
k21 + k
2
2 . Here Bishop
curvatures are defined by k1 = κ cos θ, k2 = κ sin θ.
3. AW (k)-type Curves in E3
In this section, we introduce Frenet curves of AW (k)-type.
Proposition 3.1. [2] Let γ be a Frenet curve of E3 osculating order 3 then we
have;
γ′ (s) = T (s)
γ′′ (s) = T ′ (s) = κ (s)N (s)
γ′′′ (s) = −κ2 (s)T (s) + κ′ (s)N (s) + κ (s) τ(s)B (s)
γıv (s) = −3κ(s)κ′(s)T (s) +
{
κ′′(s)− κ3(s)− κ (s) τ2(s)
}
N (s)
+ {2κ′(s)τ(s) + κ (s) τ ′(s)}B (s) .
Notation 1. [2] Let us write
N1(s) = κ (s)N(s)
N2(s) = κ
′ (s)N (s) + κ (s) τ(s)B (s)
N3(s) =
{
κ′′(s)− κ3(s)− κ (s) τ2(s)
}
N (s)+{2κ′(s)τ(s) + κ (s) τ ′(s)}B (s) .
Definition 3.2. [2] Frenet curves (of osculating order 3) are
i) of type weak AW (2) if they satisfy
N3 (s) = 〈N3 (s) , N
∗
2 (s)〉N
∗
2 (s)
ii) of type weak AW (3) if they satisfy
N3 (s) = 〈N3 (s) , N
∗
1 (s)〉N
∗
1 (s) .
where
N∗1 (s) =
N1 (s)
‖N1 (s)‖
,
N∗2 (s) =
N2 (s)− 〈N2 (s) , N
∗
1 (s)〉N
∗
1 (s)
‖N2 (s)− 〈N2 (s) , N∗1 (s)〉N
∗
1 (s)‖
.
Proposition 3.3. [2] Let γ be a Frenet curve of order 3. Then γ is a weak
AW (2) type curve if and only if
κ′′(s)− κ3(s)− κ (s) τ2(s) = 0.
Definition 3.4. [2] Frenet curves of order 3 are
i) of type AW (1) if they satisfy
N3 (s) = 0
ii) of type AW (2) if they satisfy
‖N2‖
2
N3 = 〈N3, N2〉N2
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iii) of type AW (3) if they satisfy
‖N1‖
2
N3 = 〈N3, N1〉N1.
Proposition 3.5. [2] Let γ be a Frenet curve of order 3. Then γ is of type
AW (1) if and only if
κ′′(s)− κ3(s)− κ (s) τ2(s) = 0
and
τ (s) =
c
κ2 (s)
, c ∈ R.
Proposition 3.6. [2] Let γ be a Frenet curve of order 3. Then γ is of type
AW (2) if and only if
2(κ′ (s))2τ (s)+κ (s)κ′ (s) τ ′ (s) = κ (s)κ′′ (s) τ (s)−κ4 (s) τ (s)−κ2 (s) τ3 (s) .
Proposition 3.7. [2] Let γ be a Frenet curve of order 3. Then γ is of type
AW (3) if and only if
2κ′ (s) τ (s) + κ (s) τ ′ (s) = 0.
The solution of this differential equation is τ (s) = c
κ2(s) , c ∈ R.
4. AW (k)-type Curves According to the Bishop Frame
In this section, we considerAW (k)-type curves according to the Bishop Frame
in Euclidean space E3.
Proposition 4.1. Let γ be a unit speed curve of osculating order 3 in E3 and
{T,M1,M2} be Bishop frame of the curve. Similar with proposition 1 in [2],
we have
γ′ (s) = T (s)
γ′′ (s) = k1 (s)M1 (s) + k2 (s)M2 (s)
γ′′′ (s) =
{
−k21 (s)− k
2
2 (s)
}
T (s) + k′1 (s)M1 (s) + k
′
2 (s)M2 (s)
γıv (s) =
{(
−k21 (s)− k
2
2 (s)
)′
+ (−k1 (s) k
′
1 (s)− k2 (s) k
′
2 (s))
}
T (s)
+
{
k′′1 (s)− k
3
1 (s)− k1 (s) k
2
2 (s)
}
M1 (s)
+
{
k′′2 (s)− k
3
2 (s)− k
2
1 (s) k2 (s)
}
M2 (s)
Notation 2. Let us write
N1 (s) = k1 (s)M1 (s) + k2 (s)M2 (s) (4.1)
N2 (s) = k
′
1 (s)M1 (s) + k
′
2 (s)M2 (s) (4.2)
N3 (s) =
{
k′′1 (s)− k
3
1 (s)− k1 (s) k
2
2 (s)
}
M1 (s) (4.3)
+
{
k′′2 (s)− k
3
2 (s)− k
2
1 (s) k2 (s)
}
M2 (s) .
Corollary 4.2. γ′ (s) , γ′′ (s) , γ′′′ (s) and γıv (s) are linearly dependent if and
only if N1 (s), N2 (s) and N3 (s) are linearly dependent.
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Theorem 4.3. Let γ be a curve of order 3, then
N3 (s) =
〈
N3 (s) , N
∗
1 (s)
〉
N
∗
1 (s) +
〈
N3 (s) , N
∗
2 (s)
〉
N
∗
2 (s) (4.4)
where
N
∗
1 (s) =
N1 (s)∥∥N1 (s)
∥∥ , (4.5)
N
∗
2 (s) =
N2 (s)−
〈
N2 (s) , N
∗
1 (s)
〉
N
∗
1 (s)∥∥∥N2 (s)−
〈
N2 (s) , N
∗
1 (s)
〉
N
∗
1 (s)
∥∥∥
. (4.6)
Definition 4.4. The unit speed curves of order 3 are
i) of type weak Bishop AW (2) if they satisfy
N3 (s) =
〈
N3 (s) , N
∗
2 (s)
〉
N
∗
2 (s) (4.7)
ii) of type weak Bishop AW (3) if they satisfy
N3 (s) =
〈
N3 (s) , N
∗
1 (s)
〉
N
∗
1 (s) . (4.8)
Proposition 4.5. Let γ be a curve of order 3. If γ is of type weak Bishop
AW (2) then the equations
(
k′′1 (s)− k
3
1 (s)− k1 (s) k
2
2 (s)
) (
k21 (s) + k
2
2 (s)
)
= k22 (s)
(
k′′1 (s)− k
3
1 (s)− k1 (s) k
2
2 (s)
)
−k1 (s) k2 (s)
(
k′′2 (s)− k
3
2 (s)− k
2
1 (s) k2 (s)
)
,
(4.9)
(
k′′2 (s)− k
3
2 (s)− k
2
1 (s) k2 (s)
) (
k21 (s) + k
2
2 (s)
)
= k21 (s)
(
k′′2 (s)− k
3
2 (s)− k
2
1 (s) k2 (s)
)
−k1 (s) k2 (s)
(
k′′1 (s)− k
3
1 (s)− k1 (s) k
2
2 (s)
) (4.10)
are hold and a solution of these equations are
k1 (s) = −k2 (s) = ±
1
s+ c
; c = cons. (4.11)
Proof. With the use of equations (4.1), (4.2), (4.5) and (4.6), we get
N
∗
1 (s) =
1√
k21 (s) + k
2
2 (s)
(k1 (s)M1 (s) + k2 (s)M2 (s)) (4.12)
and
N
∗
2 (s) =
1√
k21 (s) + k
2
2 (s)
(k2 (s)M1 (s)− k1 (s)M2 (s)) . (4.13)
Substituting equation (4.13) in (4.7), we obtain (4.9) and (4.10). From these
equations, we get k1 (s) = −k2 (s). Finally, writing this in equation (4.9) we
get the result. 
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Proposition 4.6. Let γ be a curve of order 3. If γ is of type weak Bishop
AW (3) then the curvature equations
(
k′′1 (s)− k
3
1 (s)− k1 (s) k
2
2 (s)
) (
k21 (s) + k
2
2 (s)
)
= (k21 (s)
(
k′′1 (s)− k
3
1 (s)− k1 (s) k
2
2 (s)
)
+k1 (s) k2 (s)
(
k′′2 (s)− k
3
2 (s)− k
2
1 (s) k2 (s)
)
and (
k′′2 (s)− k
3
2 (s)− k
2
1 (s) k2 (s)
) (
k21 (s) + k
2
2 (s)
)
= k22 (s)
(
k′′2 (s)− k
3
2 (s)− k
2
1 (s) k2 (s)
)
+k1 (s) k2 (s)
(
k′′1 (s)− k
3
1 (s)− k1 (s) k
2
2 (s)
)
.
are hold.
Proof. Substituting the equation (4.12) in (4.8) we get the result. 
Definition 4.7. The unit speed curves of order 3 are
i) of type Bishop AW (1) if they satisfy
N3 (s) = 0 (4.14)
ii) of type Bishop AW (2) if they satisfy
∥∥N2
∥∥2N3 =
〈
N3, N2
〉
N2 (4.15)
iii) of type Bishop AW (3) if they satisfy
∥∥N1
∥∥2N3 =
〈
N3, N1
〉
N1. (4.16)
Proposition 4.8. Let γ be a curve of order 3. If γ is of type Bishop AW (1)
then
k′′1 (s)− k
3
1 (s)− k1 (s) k
2
2 (s) = 0, (4.17)
k′′2 (s)− k
3
2 (s)− k
2
1 (s) k2 (s) = 0 (4.18)
and a solution of this differential equation system is
k1 (s) = k2 (s) = ±
1
s+ c
, c ∈ R. (4.19)
Proof. With the use of equations (4.3) and (4.14), we get the differential
system (4.17) and (4.18). By solving this system, we get k1 (s) = k2 (s) and
using this in (4.17) or (4.18), we get the result. 
Proposition 4.9. Let γ be a curve of order 3. If γ is of type Bishop AW (2)
then
k′2 (s)
(
k′′1 (s)− k
3
1 (s)− k1 (s) k
2
2 (s)
)
= k′1 (s)
(
k′′2 (s)− k
3
2 (s)− k
2
1 (s) k1 (s)
)
.
(4.20)
Proof. Substituting equations (4.2) and (4.3) in (4.15), we get the result. 
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Proposition 4.10. Let γ be a curve of order 3. If γ is of type Bishop AW (3)
then
k2 (s)
(
k′′1 (s)− k
3
1 (s)− k1 (s) k
2
2 (s)
)
= k1 (s)
(
k′′2 (s)− k
3
2 (s)− k
2
1 (s) k1 (s)
)
.
(4.21)
Proof. Substituting equations (4.1) and (4.3) in (4.16), we get the result. 
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